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Doppler Method
(“Radial Velocity”)

Transit Method

Kepler spacecraft



>~30% of stars in Galaxy have planetary system, each 
contains (on average) ~3 planets: 

~1012 planets in the Galaxy





Hot Jupiters:  Giant Planets with P < 10 days 



Spin-Orbit Misalignment Puzzle

ESO



Solar System

All major planets lie in the same plane (within 2 deg), which is  inclined 
to the Sun’s equator by 7 deg.





Slide from Josh Winn



How to Form Misaligned Hot Jupiters?



Giant planets are formed in protoplanetary disks (gas + dust)
t < 10 Myrs
Rform > a few AU



How to Form Misaligned Hot Jupiters?

Two coupled questions:
-- How did they migrate to < 0.05 AU?
-- How did their orbits get misaligned with host star? 

High-Eccentricity Migration:
Lidov-Kozai effect induced by an external companion



Lidov-Kozai Effect
Can perturbation from the Moon make Earth’s satellites fall?



Lidov-Kozai Effect

planet
orbital axis

binary axis



Lidov-Kozai Effect

planet
orbital axis

binary axis

• Eccentricity and inclination oscillations 
induced if i > 40 degrees. 

• If i large (85-90 degrees), get extremely large 
eccentricities (e > 0.99) 



Hot Jupiter formation: High-e Migration
" Planet forms at ~ a few AU
" Companion (star or another planet) periodically pumps planet into high-e orbit  

(Lidov-Kozai)
" Tidal dissipation in planet during high-e phases causes orbital decay

# Combined effects can result in planets in ~ few days orbit

e.g. Eggleton+01; Wu & Murray 03; Fabrycky & Tremaine 07; Nagasawa+08; Wu & Lithwick 11; Beauge & Nesvorny 12; Naoz+12; 

Storch, Anderson & Lai 14; Petrovich 15a,b; Anderson, Lai +16; Munoz, Lai +16;  Wu 18;  Vick, Lai +19; Teyssandier, Lai+19

Main physics uncertainties:  
Need strong tidal dissipation;  Can HJ survive tidal disruption? ...



Physics of Tidal Dissipation in Giant Planets: 
Dynamical/Chaotic Tides on high-e orbits

-- Near pericenter, the tidal potential of the star excites oscillation modes of the planet 
(f-modes, inertial modes, etc)

-- The energy transfer in each pericenter passage depends on the oscillation phase of mode

Typical scale of energy transfer in each passage ±�E↵(rperi)

For sufficiently small rperi and large e:
Mode energy grows chaotically (quasi-diffusively) 
to large values 
When the mode energy reaches some fraction 

of the planet binding energy 
# rapid nonlinear dissipation

Vick & Lai 2018;
Vick, Lai & Anderson 2019
See also Wu 2018; Yu et al.2021

Michele Vick (Ph.D.2020 ! Northwestern)



Hot Jupiter formation: High-e Migration
" Planet forms at ~ a few AU
" Companion (star or another planet) periodically pumps planet into high-e 

orbit  (Lidov-Kozai)
" Tidal dissipation in planet during high-e phases causes orbital decay

# Combined effects can result in planets in ~ few days orbit

Question: How to produce misaligned stellar spin?



What happens to stellar spin axis as the planet
undergoes Lidov-Kozai Oscillations ?

Star rotates # oblate
# S precesses around L

Storch, Anderson & DL 2014, Science
Storch & DL 2015 MNRAS (Theory I)
Anderson, Storch, DL 2016 (Pop Study)
Storch, DL & Anderson2017 (Theory II)
Vick, DL & Anderson 2019



Spin Dynamics

• Stellar spin axis S wants to 
precess around planet orbital 
axis L. LB

S

L

θsl
θlb

θsb

Ωps

Outer binary axis
Planet orbital axis
Stellar spin axis



Spin Dynamics

• Stellar spin axis S wants to 
precess around planet orbital 
axis L. 

• But L itself is moving:
– Nodal precession (L precesses

around binary axis Lb)
– Nutation (cyclic changes in 

inclination of L relative to Lb)

LB

S

L

θsl
θlb

θsb

Ωpl

Ωps

Outer binary axis
Planet orbital axis
Stellar spin axis



Spin Dynamics

• Q: Can S keep up with L?

• Answer depends on
LB

S

L

θsl
θlb

θsb

Ωpl

Ωps

Outer binary axis
Planet orbital axis
Stellar spin axis

⌦ps vs ⌦pl



If |Ωps|>> |Ωpl|: YES  (“adiabatic”)

Outer binary axis
Planet orbital axis
Stellar spin axis

θsl = constant, i.e. initial spin-orbit 
misalignment is maintained for all time



If |Ωps|<< |Ωpl|: NO (“non-adiabatic”)

Outer binary axis
Planet orbital axis
Stellar spin axis



To answer, need to solve orbital evolution equations together 
with spin precession equation….

If |Ωps|~|Ωpl|: “trans-adiabatic”



If |Ωps|~|Ωpl|: “trans-adiabatic”

Outer binary axis
Planet orbital axis
Stellar spin axisQ:  Is it really chaotic?



If |Ωps|~|Ωpl|: “trans-adiabatic”

LB

S
L

θsl θlb

θsb

Ωps

Lyapunov time ~ 6 Myrs



Spin-orbit angle
recorded at 
eccentricity 
maxima

Periodic islands in 
the ocean of chaos

Ωps & Ωpl are strong functions of eccentricity (and time)

✏ =
⌦pl0

⌦ps0
/ M�1

p



xn+1 = rxn(1� xn)
Logistic Map:

R.May (1976): Discrete time population model



Theory of Spin Chaos

LB

S
L

θsl θlb

θsb

Ωp

Ωps
In Hamiltonian system, Chaos arises 
from overlapping resonances 
(Chirikov criterion; 1979)



Add Tidal Dissipation….



Lidov-Kozai + Tidal Dissipation

af

✓f
sl



Formation of Hot Jupiters via LK High-e Migration
Vick, DL & Anderson 2019



Hot Jupiter Formation Summary

High-Eccentricity Migration 
Lidov-Kozai effect driven by external companion (planet or star)  (see M.Vick+19)

-- Accounts for HJ pile-up at a few Roche radii

-- Explains the lack of nearby low-mass neighbors for most HJs (Huang+16)
-- Can naturally account for large stellar obliquities (spin-orbit dynamics important)

Early formation in protoplanetary disks 
Disk-driven migration, in-situ formation

– Young proto-HJ candidates observed (e.g. CI Tau)
-- WASP-47b (HJ with small neighbors)
– Can misalignment (stellar spin vs orbit) be produced?  

(e.g. Bate+10; Lai+11; Batygin 12; Batygin & Adams 12; Lai 14; Spalding & Batygin 14; Zanazzi & Lai 18)



Spalding & Winn 2022



Albrecht et al. 2021



Super-Earths:  1-5 RE,  P<100 days



Super-Earths (1-5 RE) in Compact Systems (P<100 days)



Earth-like planets around M stars



Formation of Close-in Super-Earths

-- Large-scale migration 

-- In-Situ Formation

Characterizations: atmospheres…



What are the (expected) spin obliquities of Super-Earths?

Take-home message:
Super-Earths in multi-planet systems can have significant obliquities
(despite strong tidal alignment torque)



Planetary Obliquities

Affect the surface conditions, climate

-- Insolation
-- Atmosphere circulation
-- Milankovich cycles

Reflect the formation/evolution history of the planet

-- Giant impacts/collisions?
-- Secular spin-orbit resonances/overlaps (to be discussed)



Obliquities of Exoplanets

Constraints for distant planetary-mass companions 
(Bryan et al.2020,2021)

Future constraints for transiting planets?

Large obliquities can affect atmosphere conditions, transit signatures

Dynamical effects of finite obliquities:  Tidal dissipation/heating, orbital evolution



Super-Earths:  How to generate obliquities? 



Planet Collisions
Likely have occurred for super-Earths in multi-planet systems

-- Many Kepler multi-planet systems are at the edge of dynamical instability
(Volk & Gladman 2015; Pu & Wu 2015)

-- Super-Earths form in gas disks:  
Migration and eccentricity damping ! leading to densely-packed systems;
After the gas disk dissipates, mutual gravitational interaction causes instability;
# the system settles down to “metastable” state.

Outcomes of orbital instability of multiple super-Earths:  
planet-planet collisions/mergers 



Planetary Obliquities from Mergers

As long as initial mutual inclination >> R/a 
==> Broad distribution of obliquities

Jiaru Li & Lai 2020

# Some super-Earths likely had large primordial obliquities 



Tidal dissipation in planet 
tends to synchronize/align the spin with orbit

# Isolated super-Earths will have aligned spin 

What about super-Earth with a companion (perturber)?



Dynamics of Colombo’s Top

mp companion (perturber) 

Colombo 66; Peale 69; Ward 75; Henrard & Murigande 87…

Su & Lai 2021, ApJ
2022, MNRAS
2022, arXiv

A rotating planet whose spin axis processes
around a varying orbital axis

Yubo Su (Ph.D.22)

m



Dynamics of Colombo’s Top

mp companion (perturber) 

<latexit sha1_base64="4O2rPtagch+ikfqVyaMgpQUfrP4="></latexit>

Lp � L � S =) Lp is fixed

m



In general, the obliquity varies in time… 
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In general, the obliquity varies in time…  Is there equilibrium? 
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= 0

𝜂 ≫ 1 
(fast orbital precession)

𝜂 ≪ 1 
(fast spin precession)

<latexit sha1_base64="Etm7xdas73pEW+6r2TYv2+DF/NA=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF4+YyCOBDZkdZmHC7Ow602tCCD/hxYPGePV3vPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1gOOE+xEdKBEKRtFK7XJ3SJHIcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/m907JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nzpC80ZyjHllCmhb2VsCHVlKGNqGBD8JZfXiXNasW7rFzcV0u1myyOPJzAKZyDB1dQgzuoQwMYSHiGV3hzHp0X5935WLTmnGzmGP7A+fwB6zWPPg==</latexit>

l̂

<latexit sha1_base64="Etm7xdas73pEW+6r2TYv2+DF/NA=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF4+YyCOBDZkdZmHC7Ow602tCCD/hxYPGePV3vPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1gOOE+xEdKBEKRtFK7XJ3SJHIcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/m907JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nzpC80ZyjHllCmhb2VsCHVlKGNqGBD8JZfXiXNasW7rFzcV0u1myyOPJzAKZyDB1dQgzuoQwMYSHiGV3hzHp0X5935WLTmnGzmGP7A+fwB6zWPPg==</latexit>

l̂
<latexit sha1_base64="GTQqiH+Nq+6MYO1fKv8CV26r60k=">AAAB73icdVDLSgMxFM3UV62vqks3wVZwNWRqtTO7ohuXFewD2qFk0kwbmsmMSUYoQ3/CjQtF3Po77vwb04egogcuHM65l3vvCRLOlEbow8qtrK6tb+Q3C1vbO7t7xf2DlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8dXMb99TqVgsbvUkoX6Eh4KFjGBtpE65N8IaqnK/WEK25527yIXIdhFyKlVDzjzPc2vQsdEcJbBEo1987w1ikkZUaMKxUl0HJdrPsNSMcDot9FJFE0zGeEi7hgocUeVn83un8MQoAxjG0pTQcK5+n8hwpNQkCkxnhPVI/fZm4l9eN9Wh62dMJKmmgiwWhSmHOoaz5+GASUo0nxiCiWTmVkhGWGKiTUQFE8LXp/B/0qrYzoVdvamU6pfLOPLgCByDU+CAGqiDa9AATUAABw/gCTxbd9aj9WK9Llpz1nLmEPyA9fYJhQWPqA==</latexit>

ŝ
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I = 20�



Phase portrait and Spin-Orbit Resonance

<latexit sha1_base64="Etm7xdas73pEW+6r2TYv2+DF/NA=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF4+YyCOBDZkdZmHC7Ow602tCCD/hxYPGePV3vPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1gOOE+xEdKBEKRtFK7XJ3SJHIcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/m907JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nzpC80ZyjHllCmhb2VsCHVlKGNqGBD8JZfXiXNasW7rFzcV0u1myyOPJzAKZyDB1dQgzuoQwMYSHiGV3hzHp0X5935WLTmnGzmGP7A+fwB6zWPPg==</latexit>

l̂
<latexit sha1_base64="pvt+Tdq109CLOOv8dVTuWmfjh+Y=">AAAB73icdVDLTgJBEOzFF+IL9ehlIph42syiINyIXjxiIo8ENmR2GGDC7MOZWROy4Se8eNAYr/6ON//GWcBEjVbSSaWqO91dXiS40hh/WJmV1bX1jexmbmt7Z3cvv3/QUmEsKWvSUISy4xHFBA9YU3MtWCeSjPieYG1vcpX67XsmFQ+DWz2NmOuTUcCHnBJtpE6xNyYaqWI/X8A2rpRruIawXcZOdU4wrlRLZ8gxJEUBlmj08++9QUhjnwWaCqJU18GRdhMiNaeCzXK9WLGI0AkZsa6hAfGZcpP5vTN0YpQBGobSVKDRXP0+kRBfqanvmU6f6LH67aXiX1431sOqm/AgijUL6GLRMBZIhyh9Hg24ZFSLqSGESm5uRXRMJKHaRJQzIXx9iv4nrZLtVOzzm1KhfrmMIwtHcAyn4MAF1OEaGtAECgIe4AmerTvr0XqxXhetGWs5cwg/YL19Alzaj4w=</latexit>

ŝ
<latexit sha1_base64="QtspC7BUiv3QpZnJb7SWSq0gdtk=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoox1GERK4kL1lDzbs7V1250wI4SfYWGiMrb/Izn/jAlco+JJJXt6bycy8IJHCoOt+O7mV1bX1jfxmYWt7Z3evuH/waOJUM95gsYx1K6CGS6F4AwVK3ko0p1EgeTMYXk/95hPXRsTqAUcJ9yPaVyIUjKKV7su35W6x5FbcGcgy8TJSggz1bvGr04tZGnGFTFJj2p6boD+mGgWTfFLopIYnlA1pn7ctVTTixh/PTp2QE6v0SBhrWwrJTP09MaaRMaMosJ0RxYFZ9Kbif147xfDSHwuVpMgVmy8KU0kwJtO/SU9ozlCOLKFMC3srYQOqKUObTsGG4C2+vEweqxXvvHJ2Vy3VrrI48nAEx3AKHlxADW6gDg1g0IdneIU3RzovzrvzMW/NOdnMIfyB8/kDWNWNMA==</latexit>

I <latexit sha1_base64="w4WRcxts/DmbY6NaNFn7RAfnKBk=">AAAB73icbVDLTgJBEJzFF+IL9ehlIph4IrvEqEeiF4+YyCOBDZkdemHC7Ow602tCCD/hxYPGePV3vPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nfmtJ9BGxOoBxwn4ERsoEQrO0ErtcheHgKzcK5bcijsHXSVeRkokQ71X/Or2Y55GoJBLZkzHcxP0J0yj4BKmhW5qIGF8xAbQsVSxCIw/md87pWdW6dMw1rYU0rn6e2LCImPGUWA7I4ZDs+zNxP+8TorhtT8RKkkRFF8sClNJMaaz52lfaOAox5YwroW9lfIh04yjjahgQ/CWX14lzWrFu6xc3FdLtZssjjw5IafknHjkitTIHamTBuFEkmfySt6cR+fFeXc+Fq05J5s5Jn/gfP4AYMCPiw==</latexit>

✓

<latexit sha1_base64="IVM5KHtQTXhZM0hVZDwFF/2LODc=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRD0WvXisaD+gXUo2zW5Ds8mSZIWy9Cd48aCIV3+RN/+NabsHbX0w8Hhvhpl5QcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbCmnAnaMsxw2k0UxXHAaScY3878zhNVmknxaCYJ9WMcCRYygo2VHqpRdVCuuDV3DrRKvJxUIEdzUP7qDyVJYyoM4Vjrnucmxs+wMoxwOi31U00TTMY4oj1LBY6p9rP5qVN0ZpUhCqWyJQyaq78nMhxrPYkD2xljM9LL3kz8z+ulJrz2MyaS1FBBFovClCMj0exvNGSKEsMnlmCimL0VkRFWmBibTsmG4C2/vEra9Zp3Wbu4r1caN3kcRTiBUzgHD66gAXfQhBYQiOAZXuHN4c6L8+58LFoLTj5zDH/gfP4AhmuNTg==</latexit>g <latexit sha1_base64="Vp7h4hg6s2CksE/itcwUKXQLYZ0=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CbaCp5IUUY9FLx4r2FpoQplsN83SzQe7E7GE/hUvHhTx6h/x5r9x2+agrQ8GHu/NMDPPTwVXaNvfRmltfWNzq7xd2dnd2z8wD6tdlWSSsg5NRCJ7PigmeMw6yFGwXioZRL5gD/74ZuY/PDKpeBLf4yRlXgSjmAecAmppYFbrLog0BJcmysWQIdQHZs1u2HNYq8QpSI0UaA/ML3eY0CxiMVIBSvUdO0UvB4mcCjatuJliKdAxjFhf0xgiprx8fvvUOtXK0AoSqStGa67+nsghUmoS+bozAgzVsjcT//P6GQZXXs7jNEMW08WiIBMWJtYsCGvIJaMoJpoAlVzfatEQJFDUcVV0CM7yy6uk22w4F43zu2atdV3EUSbH5IScEYdckha5JW3SIZQ8kWfySt6MqfFivBsfi9aSUcwckT8wPn8Ajs6UIw==</latexit>

↵ cos ✓

<latexit sha1_base64="3vC1ZJExCtQgCZ4NPuemBIqg5xo=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBC8GHclqBch6MVjBPPAZAm9k9lkyOzsMjMrhCV/4cWDIl79G2/+jZPHQRMLGoqqbrq7gkRwbVz321laXlldW89t5De3tnd2C3v7dR2nirIajUWsmgFqJrhkNcONYM1EMYwCwRrB4HbsN56Y0jyWD2aYMD/CnuQhp2is9Hh92jtro0j62CkU3ZI7AVkk3owUYYZqp/DV7sY0jZg0VKDWLc9NjJ+hMpwKNsq3U80SpAPssZalEiOm/Wxy8YgcW6VLwljZkoZM1N8TGUZaD6PAdkZo+nreG4v/ea3UhFd+xmWSGibpdFGYCmJiMn6fdLli1IihJUgVt7cS2keF1NiQ8jYEb/7lRVI/L3kXpfJ9uVi5mcWRg0M4ghPw4BIqcAdVqAEFCc/wCm+Odl6cd+dj2rrkzGYO4A+czx+tyZBJ</latexit>

= �g/↵



Phase portrait and Spin-Orbit Resonance

Resonance
<latexit sha1_base64="p3+QwFXaSWBvxclbt5BgbwGIJWA=">AAACAnicbVDJSgNBEO2JW4zbqCfx0hgET2FGgnoMevEYwSyQGUJNp5M06VnorhHCJHjxV7x4UMSrX+HNv7GzHDTxQcHjvSqq6gWJFBod59vKrayurW/kNwtb2zu7e/b+QV3HqWK8xmIZq2YAmksR8RoKlLyZKA5hIHkjGNxM/MYDV1rE0T0OE+6H0ItEVzBAI7XtIw9k0gePxdrDPkegnhYhHfVGbbvolJwp6DJx56RI5qi27S+vE7M05BEyCVq3XCdBPwOFgkk+Lnip5gmwAfR4y9AIQq79bPrCmJ4apUO7sTIVIZ2qvycyCLUehoHpDAH7etGbiP95rRS7V34moiRFHrHZom4qKcZ0kgftCMUZyqEhwJQwt1LWBwUMTWoFE4K7+PIyqZ+X3ItS+a5crFzP48iTY3JCzohLLkmF3JIqqRFGHskzeSVv1pP1Yr1bH7PWnDWfOSR/YH3+AFbfl2c=</latexit>

↵ cos ✓ ⇠ |g|

<latexit sha1_base64="3vC1ZJExCtQgCZ4NPuemBIqg5xo=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBC8GHclqBch6MVjBPPAZAm9k9lkyOzsMjMrhCV/4cWDIl79G2/+jZPHQRMLGoqqbrq7gkRwbVz321laXlldW89t5De3tnd2C3v7dR2nirIajUWsmgFqJrhkNcONYM1EMYwCwRrB4HbsN56Y0jyWD2aYMD/CnuQhp2is9Hh92jtro0j62CkU3ZI7AVkk3owUYYZqp/DV7sY0jZg0VKDWLc9NjJ+hMpwKNsq3U80SpAPssZalEiOm/Wxy8YgcW6VLwljZkoZM1N8TGUZaD6PAdkZo+nreG4v/ea3UhFd+xmWSGibpdFGYCmJiMn6fdLli1IihJUgVt7cS2keF1NiQ8jYEb/7lRVI/L3kXpfJ9uVi5mcWRg0M4ghPw4BIqcAdVqAEFCc/wCm+Odl6cd+dj2rrkzGYO4A+czx+tyZBJ</latexit>

= �g/↵



Add tidal torque…
<latexit sha1_base64="y3PqNljV7g4H2Lng0n43alOeLXo="></latexit>

Tidal torque tries to push ŝ toward l̂, but l̂ is changing...
<latexit sha1_base64="dHftwm1HZV/aFAZMwYHsW8L4zxk="></latexit>

Ŝ evolves toward one of the equilibria (Cassini states)

Spin precession

Orbital precession
<latexit sha1_base64="ttz/OwHiCNve5ouig6oyqYfCowM="></latexit>

⌘ ⌘ � g

↵
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<latexit sha1_base64="Etm7xdas73pEW+6r2TYv2+DF/NA=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF4+YyCOBDZkdZmHC7Ow602tCCD/hxYPGePV3vPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1gOOE+xEdKBEKRtFK7XJ3SJHIcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/m907JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nzpC80ZyjHllCmhb2VsCHVlKGNqGBD8JZfXiXNasW7rFzcV0u1myyOPJzAKZyDB1dQgzuoQwMYSHiGV3hzHp0X5935WLTmnGzmGP7A+fwB6zWPPg==</latexit>

l̂
<latexit sha1_base64="pvt+Tdq109CLOOv8dVTuWmfjh+Y=">AAAB73icdVDLTgJBEOzFF+IL9ehlIph42syiINyIXjxiIo8ENmR2GGDC7MOZWROy4Se8eNAYr/6ON//GWcBEjVbSSaWqO91dXiS40hh/WJmV1bX1jexmbmt7Z3cvv3/QUmEsKWvSUISy4xHFBA9YU3MtWCeSjPieYG1vcpX67XsmFQ+DWz2NmOuTUcCHnBJtpE6xNyYaqWI/X8A2rpRruIawXcZOdU4wrlRLZ8gxJEUBlmj08++9QUhjnwWaCqJU18GRdhMiNaeCzXK9WLGI0AkZsa6hAfGZcpP5vTN0YpQBGobSVKDRXP0+kRBfqanvmU6f6LH67aXiX1431sOqm/AgijUL6GLRMBZIhyh9Hg24ZFSLqSGESm5uRXRMJKHaRJQzIXx9iv4nrZLtVOzzm1KhfrmMIwtHcAyn4MAF1OEaGtAECgIe4AmerTvr0XqxXhetGWs5cwg/YL19Alzaj4w=</latexit>

ŝ
<latexit sha1_base64="QtspC7BUiv3QpZnJb7SWSq0gdtk=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti1JJoox1GERK4kL1lDzbs7V1250wI4SfYWGiMrb/Izn/jAlco+JJJXt6bycy8IJHCoOt+O7mV1bX1jfxmYWt7Z3evuH/waOJUM95gsYx1K6CGS6F4AwVK3ko0p1EgeTMYXk/95hPXRsTqAUcJ9yPaVyIUjKKV7su35W6x5FbcGcgy8TJSggz1bvGr04tZGnGFTFJj2p6boD+mGgWTfFLopIYnlA1pn7ctVTTixh/PTp2QE6v0SBhrWwrJTP09MaaRMaMosJ0RxYFZ9Kbif147xfDSHwuVpMgVmy8KU0kwJtO/SU9ozlCOLKFMC3srYQOqKUObTsGG4C2+vEweqxXvvHJ2Vy3VrrI48nAEx3AKHlxADW6gDg1g0IdneIU3RzovzrvzMW/NOdnMIfyB8/kDWNWNMA==</latexit>

I <latexit sha1_base64="w4WRcxts/DmbY6NaNFn7RAfnKBk=">AAAB73icbVDLTgJBEJzFF+IL9ehlIph4IrvEqEeiF4+YyCOBDZkdemHC7Ow602tCCD/hxYPGePV3vPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nfmtJ9BGxOoBxwn4ERsoEQrO0ErtcheHgKzcK5bcijsHXSVeRkokQ71X/Or2Y55GoJBLZkzHcxP0J0yj4BKmhW5qIGF8xAbQsVSxCIw/md87pWdW6dMw1rYU0rn6e2LCImPGUWA7I4ZDs+zNxP+8TorhtT8RKkkRFF8sClNJMaaz52lfaOAox5YwroW9lfIh04yjjahgQ/CWX14lzWrFu6xc3FdLtZssjjw5IafknHjkitTIHamTBuFEkmfySt6cR+fFeXc+Fq05J5s5Jn/gfP4AYMCPiw==</latexit>

✓

<latexit sha1_base64="IVM5KHtQTXhZM0hVZDwFF/2LODc=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRD0WvXisaD+gXUo2zW5Ds8mSZIWy9Cd48aCIV3+RN/+NabsHbX0w8Hhvhpl5QcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbCmnAnaMsxw2k0UxXHAaScY3878zhNVmknxaCYJ9WMcCRYygo2VHqpRdVCuuDV3DrRKvJxUIEdzUP7qDyVJYyoM4Vjrnucmxs+wMoxwOi31U00TTMY4oj1LBY6p9rP5qVN0ZpUhCqWyJQyaq78nMhxrPYkD2xljM9LL3kz8z+ulJrz2MyaS1FBBFovClCMj0exvNGSKEsMnlmCimL0VkRFWmBibTsmG4C2/vEra9Zp3Wbu4r1caN3kcRTiBUzgHD66gAXfQhBYQiOAZXuHN4c6L8+58LFoLTj5zDH/gfP4AhmuNTg==</latexit>g <latexit sha1_base64="Vp7h4hg6s2CksE/itcwUKXQLYZ0=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CbaCp5IUUY9FLx4r2FpoQplsN83SzQe7E7GE/hUvHhTx6h/x5r9x2+agrQ8GHu/NMDPPTwVXaNvfRmltfWNzq7xd2dnd2z8wD6tdlWSSsg5NRCJ7PigmeMw6yFGwXioZRL5gD/74ZuY/PDKpeBLf4yRlXgSjmAecAmppYFbrLog0BJcmysWQIdQHZs1u2HNYq8QpSI0UaA/ML3eY0CxiMVIBSvUdO0UvB4mcCjatuJliKdAxjFhf0xgiprx8fvvUOtXK0AoSqStGa67+nsghUmoS+bozAgzVsjcT//P6GQZXXs7jNEMW08WiIBMWJtYsCGvIJaMoJpoAlVzfatEQJFDUcVV0CM7yy6uk22w4F43zu2atdV3EUSbH5IScEYdckha5JW3SIZQ8kWfySt6MqfFivBsfi9aSUcwckT8wPn8Ajs6UIw==</latexit>

↵ cos ✓



Add tidal torque…

<latexit sha1_base64="ttz/OwHiCNve5ouig6oyqYfCowM="></latexit>

⌘ ⌘ � g

↵
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⇣ a

0.04 au
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✓
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<latexit sha1_base64="nkbk1SuFqYEj6tCxIll0VPJMVFA=">AAACKHicbVDLSgNBEJz1GeMr6tHLYBQUJOyKqDeDgnhUMCokIfROeuOQ2ZllplcIwc/x4q94EVHEq1/iJObgq09FVfWr4kxJR2H4HoyNT0xOTRdmirNz8wuLpaXlS2dyK7AmjDL2OgaHSmqskSSF15lFSGOFV3H3eKBf3aJ10ugL6mXYTKGjZSIFkKdapcMTY/l6AwkaHfK2lEfrfDMBR9zYWBIo7ucJdIMJ29yRNbrDM7SU2xjtVqtUDivhsPhfEI1AmY3qrFV6brSNyFPUJBQ4V4/CjJp9sCSFwrtiI3eYgehCB+seakjRNfvDR+/4hmfaPPEnJ0YTH7LfO/qQOtdLY+9MgW7cb21A/qfVc0oOmn2ps5xQi69FSa44GT5IjbelD4FUzwMQVvpbubgBC4J8tkUfQvT75b/gcqcS7VV2z3fK1aNRHAW2ytbYJovYPquyU3bGakywe/bIXthr8BA8BW/B+5d1LBj1rLAfFXx8AvWPpfs=</latexit>

For ⌘ & 1 (fast orbital precession, strong perturber)

<latexit sha1_base64="Etm7xdas73pEW+6r2TYv2+DF/NA=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF4+YyCOBDZkdZmHC7Ow602tCCD/hxYPGePV3vPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1gOOE+xEdKBEKRtFK7XJ3SJHIcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/m907JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nzpC80ZyjHllCmhb2VsCHVlKGNqGBD8JZfXiXNasW7rFzcV0u1myyOPJzAKZyDB1dQgzuoQwMYSHiGV3hzHp0X5935WLTmnGzmGP7A+fwB6zWPPg==</latexit>

l̂
<latexit sha1_base64="pvt+Tdq109CLOOv8dVTuWmfjh+Y=">AAAB73icdVDLTgJBEOzFF+IL9ehlIph42syiINyIXjxiIo8ENmR2GGDC7MOZWROy4Se8eNAYr/6ON//GWcBEjVbSSaWqO91dXiS40hh/WJmV1bX1jexmbmt7Z3cvv3/QUmEsKWvSUISy4xHFBA9YU3MtWCeSjPieYG1vcpX67XsmFQ+DWz2NmOuTUcCHnBJtpE6xNyYaqWI/X8A2rpRruIawXcZOdU4wrlRLZ8gxJEUBlmj08++9QUhjnwWaCqJU18GRdhMiNaeCzXK9WLGI0AkZsa6hAfGZcpP5vTN0YpQBGobSVKDRXP0+kRBfqanvmU6f6LH67aXiX1431sOqm/AgijUL6GLRMBZIhyh9Hg24ZFSLqSGESm5uRXRMJKHaRJQzIXx9iv4nrZLtVOzzm1KhfrmMIwtHcAyn4MAF1OEaGtAECgIe4AmerTvr0XqxXhetGWs5cwg/YL19Alzaj4w=</latexit>

ŝ

<latexit sha1_base64="mZK1QNNXB0JcBI2FMrYzMegQDkI=">AAACE3icbVA9SwNBEN3z2/gVtbRZjIJYhLsgahm1sYzEqJCEMLeZmMW9vWN3LhKO/Acb/4qNhSK2Nnb+GzcxhV8PBh7vzTC8FyZKWvL9D29icmp6ZnZuPrewuLS8kl9du7BxagTWRKxicxWCRSU11kiSwqvEIEShwsvw5mToX/bQWBnrc+on2IzgWsuOFEBOauV3j5TiUkuSoPhW1ugC8epgi2MvVj20nOJbMG3LT6qlVr7gF/0R+F8SjEmBjVFp5d8b7VikEWoSCqytB35CzQwMSaFwkGukFhMQN3CNdUc1RGib2SjTgG87pc07sXGjiY/U7xcZRNb2o9BtRkBd+9sbiv959ZQ6h81M6iQl1OLrUSdVLikfFsTb0qAg1XcEhHHFCC66YECQqzHnSgh+R/5LLkrFYL+4d1YqlI/HdcyxDbbJdljADliZnbIKqzHB7tgDe2LP3r336L14r1+rE974Zp39gPf2CSfFnRU=</latexit>

All initial Ŝ evolves towards CS2



Add tidal torque…

<latexit sha1_base64="ttz/OwHiCNve5ouig6oyqYfCowM="></latexit>
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<latexit sha1_base64="Pmkmv9qriudk8we2lFOPWBrKjD4="></latexit>

For ⌘ . 1 (fast spin precession, weak perturber):
<latexit sha1_base64="4X58euW6z48jFgo06wCiEv9WulE=">AAACDnicbVC7TgJBFJ3FF+ILtbSZCCRWZJcYtSTSWGIQMIENmZ29CxNmdzYzsxiy4Qts/BUbC42xtbbzbxwehYKnmZNz7s2dc7yYM6Vt+9vKrK1vbG5lt3M7u3v7B/nDo5YSiaTQpIILee8RBZxF0NRMc7iPJZDQ49D2hrWp3x6BVExEd3ocgxuSfsQCRok2Ui9fKqbdAdG4MSliGAk+AoW1eCDSV7jWcLCQ5qn08gW7bM+AV4mzIAW0QL2X/+r6giYhRJpyolTHsWPtpkRqRjlMct1EQUzokPShY2hEQlBuOoszwSWj+DgwpwMRaTxTf2+kJFRqHHpmMiR6oJa9qfif10l0cOWmLIoTDRGdHwoSbgLjaTfYZxKo5mNDCJXM/BXTAZGEatNgzpTgLEdeJa1K2bkon99WCtXrRR1ZdIJO0Rly0CWqohtUR01E0SN6Rq/ozXqyXqx362M+mrEWO8foD6zPH5Lqmog=</latexit>

Ŝ evolves towards CS1 or CS2



<latexit sha1_base64="Pmkmv9qriudk8we2lFOPWBrKjD4="></latexit>

For ⌘ . 1 (fast spin precession, weak perturber):
<latexit sha1_base64="4X58euW6z48jFgo06wCiEv9WulE=">AAACDnicbVC7TgJBFJ3FF+ILtbSZCCRWZJcYtSTSWGIQMIENmZ29CxNmdzYzsxiy4Qts/BUbC42xtbbzbxwehYKnmZNz7s2dc7yYM6Vt+9vKrK1vbG5lt3M7u3v7B/nDo5YSiaTQpIILee8RBZxF0NRMc7iPJZDQ49D2hrWp3x6BVExEd3ocgxuSfsQCRok2Ui9fKqbdAdG4MSliGAk+AoW1eCDSV7jWcLCQ5qn08gW7bM+AV4mzIAW0QL2X/+r6giYhRJpyolTHsWPtpkRqRjlMct1EQUzokPShY2hEQlBuOoszwSWj+DgwpwMRaTxTf2+kJFRqHHpmMiR6oJa9qfif10l0cOWmLIoTDRGdHwoSbgLjaTfYZxKo5mNDCJXM/BXTAZGEatNgzpTgLEdeJa1K2bkon99WCtXrRR1ZdIJO0Rly0CWqohtUR01E0SN6Rq/ozXqyXqx362M+mrEWO8foD6zPH5Lqmog=</latexit>

Ŝ evolves towards CS1 or CS2

Final Outcomes with tidal alignment torque

Zone I ! CS1 (low obliquity)

Zone II ! CS2 (high obliquity)

Zone III ! Either CS1 or CS2, probabilistic



Separatrix Crossing:   Transition Probability



Recap: 
In the presence of companion, tidal torque does not erase obliquity;   
Instead,  it drives the spin axis towards a “tidal-Cassini” equilibrium, tCS1 or tCS2,  
which can have appreciable obliquity

Starting from isotropic spin orientations:

Probability of evolving 
Into tCE2



So far…

mp companion (perturber) 

m



What happens if the super-Earth has 2 (or more) companions?

<latexit sha1_base64="2dYgcdov5XlzBX5uDwhvUF4hdjA="></latexit>

l̂ precesses/wobbles with 2 (or more) frequencies



Mars’ obliquity evolution

Chaotic, due to overlapping resonances

Laskar et al. 2004

Possible realizations of Mars’
obliquity evolution over the 
last 200 Myrs.



Super-Earth with 2 companions, including tidal alignment torque

<latexit sha1_base64="VO6joiXfiR2Iqrtvcd97a/hWmnY=">AAACHHicbVDLTgIxFO3gC/GFunTTCCaucAaNuiS6cYmJPBIgpFPuQEPnYXtHQiZ8iBt/xY0LjXHjwsS/sTwWCp6kycm597Q9x42k0Gjb31ZqaXlldS29ntnY3Nreye7uVXUYKw4VHspQ1V2mQYoAKihQQj1SwHxXQs3tX4/ntQdQWoTBHQ4jaPmsGwhPcIZGamdP80nT9Wizx5DKUZ4aMwetQZ8MQtdcoulAYI8WqafgPoaAC9DtbM4u2BPQReLMSI7MUG5nP5udkMc+BMgl07rh2BG2EqZQcAmjTDPWEDHeZ11oGBowH3QrmYQb0SOjdKgXKnMCpBP1tyNhvtZD3zWbPsOenp+Nxf9mjRi9y1YigihGk2v6kBdLiiEdN0U7wnSBcmgI40qYv1LeY4pxNH1mTAnOfORFUi0WnPPC2W0xV7qa1ZEmB+SQHBOHXJASuSFlUiGcPJJn8krerCfrxXq3PqarKWvm2Sd/YH39AOXToUs=</latexit>

l̂ precesses/wobbles with 2 frequencies

+  tidal torque



Spin axis evolution of a super-Earth with 2 companions, including tidal torque

Quasi-equilibrium (“limit cycle”)



Spin axis evolution of a super-Earth with 2 companions, including tidal torque

Mixed-mode “equilibrium”



Spin axis evolution of a super-Earth with 2 companions, including tidal torque



Recap: 
In the presence of companion(s), tidal torque does not erase obliquity;   
Instead,  it drives the spin axis towards one of the  “tidal-Cassini equilibria”,
maintaining a permanent obliquity

Dynamical roles of super-Earth obliquities:

-- Tidal heating
-- Orbital decay 

e.g. formation of ultra-short period planets (?) 

See Millholland & Spalding 2020
Su & Lai 2021 (Paper II)



Summary
Hot Jupiters:  

Formation/migration mechanisms? 
High-eccentricity migration via Lidov-Kozai driven by external companion is promising
Spin-orbit misalignment (i.e. stellar obliquity): spin-orbit dynamics important, chaos

Super-Earths:
Likely have experienced collisions 

#broad distribution of primordial planet obliquities
With tidal alignment torque, spin axis evolves towards one of the 

“tidal-Cassini” equilibria, with non-trivial obliquity
# Super-earths may/likely have appreciable obliquities


